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WITT EQUIVALENCE OF GLOBAL FIELDS. II:
RELATIVE QUADRATIC EXTENSIONS

KAZIMIERZ SZYMICZEK

ABSTRACT. This paper explores the consequences of the Hasse Principle for
Witt equivalence of global fields in the case of relative quadratic extensions. We
are primarily interested in generating the Witt equivalence classes of quadratic
extensions of a given number field, and we study the structure of the class, the
number of classes, and the structure of the set of classes. Along the way, we re-
prove several results obtained earlier in the absolute case of the rational ground
field, giving unified and short proofs based on the Hasse Principle.

INTRODUCTION

A fundamental problem in bilinear algebra is to classify fields with respect to
Witt equivalence. Recall that two fields are said to be Witt equivalent, if their
Witt rings of symmetric bilinear forms are isomorphic (this includes fields of
characteristic two). The classification problem for Witt rings turns out to be
manageable only when restricted to some specific classes of fields such as fields
with finite numbers of square classes, or with finite numbers of quaternion
algebras, or Pythagorean fields. A complete structure theory has been known so
far only for Pythagorean fields with a finite number of square classes.

Global fields (algebraic number and function fields) do not belong to any of
the above classes of fields and a recent solution to the classification problem
of Witt rings of global fields amounts to the following Hasse Principle (see
[P-S-C-L, §6]):

Two global fields K and L are Witt equivalent if and only if there is a bijective
matching of primes of K and L such that, if the primes P and Q correspond
to each other, then the completions Kp and Ly are Witt equivalent.

As a result, Witt equivalence of global function fields is governed by two
invariants: the parity of characteristic and the level of the field (cf. [S2]). This
is a very simple situation and it allows us to ignore the function fields in the
sequel.

A nontrivial consequence of the Hasse Principle is that, for a given number
field K, all finite extensions of K, of a fixed degree n, form only a finite
number of Witt equivalence classes. In this paper we investigate the number of
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those classes and their structure in the case of relative quadratic extensions.

In §1 we study the behavior of invariants of Witt equivalence under quadratic
extensions. We show that the Witt equivalence class of K(y/a), where K is a
number field, is completely determined by the class of K, and by the location
of the square class of a in the completions of K at dyadic and infinite real
primes of K . Interestingly enough, if the square classes of a and b follow the
same pattern of location, then not only K(v/a) and K(vb), but also K(v/—a)
and K(v/-b) are Witt equivalent.

The next section is concerned with the number w(K, 2) of Witt equivalence
classes obtained from a given field K by all quadratic extensions. We give
precise bounds for w(K, 2), and also we compute w(K, 2) for several classes
of number fields K, including all quadratic and cubic number fields K. We
also present a complete classification of quartic 2-extensions of the rationals
with respect to Witt equivalence.

Section 3 gives criteria for a given Witt equivalence class to come from a class
of lower degree fields by quadratic extensions. Classes reachable from exactly
one lower class, called here singular classes, are of importance in studying the
graph of Witt equivalence classes. The classes of degree n, and the classes of
degree 2n reachable by quadratic extensions, can be naturally viewed as vertices
of a bipartite graph. We show in §4 how to compute the number of connected
components of this graph.

We use notation and terminology introduced in [S2]. Thus for a given number
field K, we define the Witt equivalence invariant S(K) to be the following
sequence of field invariants:

(0.0.1) SK)=(n,r,s,g;n1,...,N0g581,...,5g),

where

n =[K : Q] is the absolute degree of K,

r = number of infinite real primes (real embeddings) of X,

s =level of K, the minimal number of summands in a representation of —1

as a sum of squares, and s =0 if r >0,

g = number of dyadic primes p;, ..., pg of K,

n; = [Kp, : Q] is the local degree of the completion K, of K at p;, over

the field Q, of 2-adic numbers,

s; = 5(Kp,) is the level of K, .

We call n; and s; the local data at p;. In contrast to [S2], we do not require
any particular ordering of the local data. The numbering of local degrees and
local levels will be determined by the numbering of dyadic primes. Sometimes
it is more convenient to write the invariant in the form

(0.0.2) SK)=(n,r,s, g;(ni,s1),...,(ng, Sg)),

where (n;, s;) is the local data at p;,. When K and L are Witt equivalent,
we write K ~ L. The following three results will be used freely throughout the

paper.
Theorem (0.1) (Hasse Principle). For number fields K and L,

K~L ifandonlyif S(K)=S(L).
(Cf. [S2].) Here the equality of Witt equivalence invariants means that the
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four global invariants n, r, s, g are equal for K and L, and the local data
coincide up to a permutation of the indices.

Proposition (0.2). Let K, and L, be completions of number fields K and L at
the dyadic primes p and q of K and L, respectively.

K, ~ L, ifand only if [K, : Q2] =[L, : Q2] and s(K,) = s(Ly)
(¢f. [S2, Proposition (1.2)]).

Lemma (0.3). Let J be a finite set of primes gf a n.umber field K . For every
set {ay: a, € K,, p € J}, there exists an a € K\ + K? such that a € a,K} for
every pe J.

This follows by a standard application of the approximation theorem and
the use of the openness of Kg (see [O’M, p. 188], for an argument using those
ideas).

1. WITT EQUIVALENCE INVARIANT OF A QUADRATIC EXTENSION

We show here how to determine the Witt equivalence invariant for an arbi-
trary quadratic extension of a number field, and give several applications. We
fix an algebraic number field K and assume that the Witt equivalence invariant
S(K) is given by (0.0.1). The sets of infinite real and dyadic primes of K will
be denoted Pr,,K and Pr,K , respectively. Let E = K(v/a), where a € K\K?,
be an arbitrary quadratic extension of K and let

S(EY=(N,R,S,G; Ny, ...,Ng; S1,...,86)
be its Witt equivalence invariant.
Theorem (1.1). The invariant S(E) is determined as follows.
(1) N=2n.
g; R =2r(a), where r(a) := #{q € ProK: a € K2} .

0 ifR#0,

5= 1 ifs=1or —aeKk?,
4 ifR=0and S;=4 for at least one j,
2 otherwise.

(4) G=g+k(a), where k(a):=#{p ePr,K:a € K?}.
(5) For P; € PryE and p; € Pry,K, if P; lies above p; and (N;, S;) and
(ni, si) are the local data at P; and p;, resp., then
N n, ifaek?,
T 2ni lfa¢K2,,
si ifsi=loraek?,
Si=<1 ifsi#1, a¢ K2, and —a € K2,
2 ifsi#1, a¢ K2, and —a ¢ K.

Proof. Everything follows from classical number theory. The prime p; splits in
E iff the polynomial X2 — a splits into linear factors over K, . This explains
(4) and the determination of N; in (5). The values of S; and S are obtained
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by elementary algebra, except S =2 and 4, obtained from the Hasse Principle
(for isotropy of quadratic forms), and S; = 2, which follows from the fact that
any quadratic extension of a local field splits the unique quaternion division
algebra over the field (cf. [L, Lemma 2.14, p. 157 and Example 2.4(7), p. 304)).

Remark (1.2). In general, E can be reached by quadratic extensions from sev-
eral lower degree subfields of E. The invariants of those subfields can differ
significantly. Thus, for instance, if K; = Q(v2), K2 = Q(v/=7), then for
E= Kl(\/—_7) = Kz(\/i) we have
S(E)=(4,0,2,2;2,2;2,2),
S(Ky)=1(2,2,0,1;2;2),
S(K3)=(2,0,4,2;1,1;4,4).

Here are two special cases of determining the Witt equivalence invariant that
we will use later on.

Example (1.3). Suppose K is a number field with —1 ¢ K?. We arrange the

dyadic primes of K toget s; =---=s; =1, where k = k(-1). Then
S(K(v—l))=(2n,0, 1,g+k;n1, ny,... ,nk,nk,an+1,
ey 2mg3 1,1, 000, 1),

Example (1.4). Suppose K is a number field and a € K\ + K? is chosen to
satisfy a € Kg for every infinite real prime ¢, and a € Kg for every dyadic
prime p (see Lemma (0.3)). Then

S(K(Va))=(2n,2r,s,2g;n, 01, ..., Ng, Ng; S1,S1, ..., Sg,Sg)-

Moreover, if r # 0, then each of 2r, 2g is the largest possible value of the
invariant assumed on quadratic extensions of K. If r = 0, then each of s,
2g is the largest possible value. Observe also that when the global invariants
assume their maximal values, the local degrees and local levels are uniquely
determined. Hence, there is exactly one Witt equivalence class of quadratic
extensions of K, where the global invariants R, G or S, G assume their
maximal values.

Recall that we have agreed to write K ~ L, when K and L are Witt equiv-
alent, i.e., when S(K) =S(L).

Corollary (1.5). Let K and L be Witt equivalent number fields and a € K .
Then

(1) K(V=1)~ L(V=1). ,

(2) K(v=a)~ L(v=1) iff ae K>.
In particular, K(v/=a) ~ K(v-1) iff K(v/=a) =K(V/-1).
Proof. (1) follows from the Example (1.3).

(2) If a € K2, then (1) applies. So assume K(v/—a) ~ L(v=1). If -1 € L2,
thens(K) = s(L) = 1, and we get K(v/a) ~ L. Hence a € K. If —1 ¢ L2,
then from s(K(v/—a)) = s(L(v/—1)) it easily follows that a € K?.

If —1 ¢ K2, then the Witt equivalence class of K(v/—1) contains just one
quadratic extension of K. Extending the terminology introduced by Robert
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Perlis in the case K = Q, we can say that K(v/—1) is a relatively lonely field
(lonely among quadratic extensions of K).

We will use Theorem (1.1) to compare Witt equivalence classes of quadratic
extensions of two number fields K and L. It is important to notice that S(E),
as determined in Theorem (1.1), depends only on S(K), r(a), and on whether
or not *a is a square at dyadic primes, and in K. Thus, if X ~ L and the
local square classes of @ € K and b € L follow the same pattern, we may
expect that K(v/a) ~ L(vb). We formalize these ideas as follows.

Definition (1.6). Let X and L be Witt equivalent number fields. Assume that
a € K and b € L satisfy the following conditions:

(1.6.1) tac Ko +bel?,
(1.6.2) r(xa) = r(b).

Let T: Pr,K — Pr,L be a bijective map such that
(1.6.3) K, ~ Ly, foreverypePrK.

(I) The map T is said to preserve splitting of dyadic primes of K if
(1.6.4) tae€K} & +tbel}, foreverypePnK.
(II) The map T is said to preserve local Witt equivalences if

(1.6.5) K,(va) ~ Lr,(Vb) for every p € Pr,K .

We write a ~ b if a, b satisfy (1.6.1), (1.6.2) and there is a map T sat-
isfying (1.6.3) and (1.6.4). Similarly, we write a ~ b, if a, b satisfy (1.6.1),
(1.6.2) and there is a map T satisfying (1.6.3) and (1.6.5).

The condition (1.6.2) is equivalent to r(a) = r(b), since

r(a) + r(—a) =r(K) =r(L) = r(b) + r(-b).

We prefer the formulation (1.6.2) because it makes evident the useful fact that
a~biff —a~ —b. Let us also observe that (1.6.4) is equivalent to the
following conditions: for every p € Pr;K

p splits in K(v/+a) iff Tp splits in L(v/£b).
This explains the terminology used in (1.6)(I).

Proposition (1.7). Let K and L be Witt equivalent number fields and a € K ,
bel.

(1) If a~b, then K(\/a) ~ L(Vb

) andK(v/=a) ~ L(vV=b).
(2) If ax b, then K(\/a) ~ L(Vb).

Proof. (1) follows from Theorem (1.1) and from the fact that a ~ b implies
—a ~ —b. (2) follows from the Hasse Principle for Witt equivalence of number
fields (Theorem (0.1)).

We will determine the full strength of the relations ~ and ~ in Theorem
(1.13). First, however, we collect several corollaries to the simpler result in
Proposition (1.7). It will be useful to introduce the following notation.
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Given a number field K and a positive integer m , we write Witt(K, m) for
the set of all Witt equivalence classes represented by extensions of K of degree
m:

Witt(K, m) := {S(E): E D K and [E : K] = m}.

Here we identify the Witt equivalence class of E with its invariant S(E). More
generally, if S is any Witt equivalence class, we consider

Witt(S, m) := {S(E): ED K, [E:K]=m, and S(K) =S},
the set of all Witt equivalence classes obtained from all extensions of degree m
of all fields K in the class S. Clearly, for any field K, and any m, we have

Witt(K , m) C Witt(S(K), m). .

Corollary (1.8). Witt(K, 2) = Witt(S(K), 2), for every number field K .
Proof. Given any field L with L ~ K, and any quadratic extension L(vb)
of L, there always exists a € K such that a ~ b (by Lemma (0.3)). Then
L(vb) ~ K(/a) , by Proposition (1.7).
Corollary (1.9). If K ~ L, then Witt(K, 2) = Witt(L, 2).
Proof. Witt(K, 2) = Witt(S(K), 2) = Witt(S(L), 2) = Witt(L, 2).

If K and L are Witt equivalent, then there is an isomorphism ¢: K/K* -
L/L?* of groups of square classes such that #(—1) = —1 and 1 € Dg(a, b) if

and only if 1 € D(ta, tb), for all square classes a and b in K . Such a map
t is said to be a Harrison map between K and L (cf. [P-S-C-L]).

Corollary (1.10). If K and L are Witt equivalent number fields and t is a
Harrison map between K and L, then

K(/a)~ L(vVta) and K(v/=a)~ L(V—=ta) foreveryacKk.
Proof. a ~ ta, by the Hasse Principle (Theorem (0.1)) and Lemma 4 in [P-S-
C-L].

An earlier version of this result was obtained by J. Carpenter. She proved that

under the assumptions of (1.10), the fields K (/@) and L(v/Za) are reciprocity
equivalent [C, Corollary 3.4].

Corollary (1.11). Let a € K and b € L be local squares at every dyadic prime
of K and L, respectively. Moreover, assume that (1.6.1) and (1.6.2) hold. Then

K~L ifandonlyif K(va)~ L(Vb).
Proof. If K ~ L, then a = b, hence Proposition (1.7) gives the result. If

K(v/a) ~ L(Vb), then from Theorem (1.1) it follows that S(K) = S(L), hence
K~L.

Corollary (1.12) (A. Czogata [Cz2]). For number fields K and L, if Witt(K, 2)
= Witt(L, 2), then K~ L.

Proof. Choose a and b as in Corollary (1.11) and require additionally that
+a ¢ K? andr(a) = r. Then the global invariants of K(v/a) and L(Vb)
assume their largest possible values and, by Example (1.4), we must have K(1/a)
~ L(Vb). Hence K ~ L, by Corollary (1.11).

Here is the result explaining the relationship between the two relations ~
and = introduced in Definition (1.6).
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Theorem (1.13). Let K and L be Witt equivalent number fields and a € K,
b € L. The following statements are equivalent.
M a~b.
(I) a=b.
(IIl) K(va)~ L(Vb) and K(v/=a) ~ L(V-D).

Proof. (I) = (II) By (1.6.3) and (1.6.4), the fields in (1.6.5) have equal degrees.
Thus it remains to show that they have the same levels, and this follows easily
from (1.6.3), (1.6.4), and Theorem (1.1)(5).

(II) = (III) As we have already observed, (I) = K(va) ~ L(vb). The
fact that (II) = K(v/—a) ~ L(v/=b) follows from the following lemma.

Lemma (1.13.0). Let p € PK, g € Pr,L, K, ~ Ly, a€ K, be L. The
Jollowing are equivalent.

(1) Kp(va) ~ Lg(Vb).

(2) Kp(V=a) ~ Ly(V-b).

Proof of the lemma. 1t is sufficient to prove that (1) = (2). We conclude from
(1) that

(1.13.1) acK*ebel? and s(K,(vVa)) = s(Ly(VD))
and to prove (2), we need
(1.13.2) —aeK2e -bel? and s(K,(v=a))=s(Ly(V-Db)).

If s(K,) = s(Lg) = 1, we get immediately (1.13.2) from (1.13.1). So assume
that s(K,) =s(L;) # 1. If a and b are squares at p and ¢, resp., then —a
and —b are not. So assume that @ and b are nonsquares at p and ¢, resp. If
—a € K2, then 1 = s(K,(v/a)) = s(Ly(vb)), whence —b € L2. By symmetry,
—be L?= —ac K2. It remains to show the equality of levels in (1.13.2), and
this follows from the equivalences in (1.13.1) and (1.13.2), and from Theorem

(1.1)(5).

Returning now to the proof of Theorem (1.13) we observe that a ~ b =
—a =~ -b, by the lemma. Hence (II) = (III).

(IIT) = (I) Here (1.6.1) follows from (III) and from the fact that Witt equiv-
alence of number fields preserves the field degrees (cf. [S1]). And (1.6.2) follows
from (III) and Theorem (1.1)(2). The proof that there exists a map T preserv-
ing the splitting of dyadic primes is much harder. This will be accomplished in
two steps.

Step 1. If (III) holds, then there are primes p € Pr,K and g € Pr,L such
that simultaneously

(1.13.3) Ky~Ly, Kp(va)~Ly(Vb), Ky(v=a)~ Ly(vV/~b).

We will show that p and ¢ can be chosen from among the primes with minimal
degrees. So let n; = min{n;, ..., n,} and suppose there are exactly k primes
Di,...,Dr and ¢y, ..., g in PryK and Pr,L, resp., with local degree n; .
Consider first the case where one of the p;’s, say p;, splits in K(v/a). Then
the local data (n;, s;) at p; produces a pair (n;, s;), (1, s1) of local data
at the primes lying above p; . Since K(v/a) ~ L(vb), the same pair occurs in
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S(L(Vb)). By the minimality of n,, one such a pair (n;, s,), (n;, 5;) comes
from a split prime ¢;, 1 < j < k. Write p and p; and g for g;. Then

K,~L, and K,(va)~ Ly(Vb),

and (1.13.3) follows from Lemma (1.13.0).

Now consider the case where all the p;, ..., p, are nonsplit in K(/a). By
the minimality of n, , all the primes ¢, ..., g, are nonsplitin L(v/b). There
are two subcases.

Subcase 1. All the p;, ..., py are nonsplit in K(y/—a). Then, as above,
the primes ¢y, ..., g, are also nonsplit in L(v-b). Thus +a ¢ K2 and
+b ¢ L2 for all i, 1 <i < k. Without loss of generality we can assume that
the local ‘data (n;, s,) at p; coincides with the local data at ¢;, 1 <i<k.
Then it follows from Theorem (1.1)(5) that s(K,,(vEa)) = s(L,(vV£b)), and
s0 K,,(vEa) ~ Ly, (vV£b) forall i, 1 <i<k (which is more than we need, if
k>1).

Subcase 2. p; splits in K(v/—a). The local data (n;, s,), (n;, s1) is found
in S(L(V-b)) and, by the minimality of #,, such a pair can come only from
a prime ¢; which splits in L(v/—b). Thus

Ky ~ Ly and K, (vV=-a)~ Lg(V-b),

and again (1.13.3) follows from Lemma (1.13.0).

Step 2. Now we prove the existence of a map T satisfying (1.6.3) and (1.6.4).
This will be done by induction on g = g(K) = g(L), the number of dyadic
primes in K and L. If g = 1, the result follows from the fact that Witt
equivalence preserves the number of dyadic primes. So assume g > 1, and let
K and L satisfy (III), and g(K) = g(L) = g. We have

S(KK)y=(n,r,s, g;(n,s1), ..., (ng, sg)) =S(L),

where (n;, s;) is the local data at p; € Pr,K and at ¢g; € ProL, i=1,..., 8.
Let p = p, and g = g, be the primes satisfying (1.13.3). Then setting Tp; = q;
we get (1.6.3) and (1.6.4) for p = p;. Now we show how to extend T onto
Pr,K . According to Theorem (2.1) in [S2], there exists a number field F such
that

S(F)—_-(n'—nla n-ng,0, g-1; (nZ:SZ)a cees (ng»sg)),

where (n;, s;) is the local data at the_dyadic prime P, of F, i=2,...,¢.
Now we pick up a; and b, in F\ % F? satisfying

ta € FlotacKl, *heFje+bell, i=2,...,¢8,

and r(xa;) = r(xb;). The existence of a; and b, follows from Lemma
(0.3). By (III) and Theorem (1.1), this choice of a;, b, guarantees that
F(yay) ~ F(/b;) and F(y/=a;) ~ F(y/=b;). But g(F) = g — 1. Hence
by the induction hypothesis there exists a bijective map 7: Prp F — Prpo F pre-
serving the splitting of dyadic primes of F. We define now T: Pr;K — Pr,L
by putting T, = ¢, Tp;i=gq; if T\1P;=P;,for i=2,...,g. Thenalso T
preserves the splitting of dyadic primes of K, and the theorem is proved.

The relations ~ and =~ have been introduced as possible candidates for a
NSC for K(v/a) ~ L(vb). Theorem (1.13) shows that presumably ~ and =~
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are stronger than we need. In the following example we show that, in general,
K ~ L and K(v/a) ~ L(Vb) are not strong enough to imply a ~ b. As
Theorem (1.13) shows, to get a ~ b one needs additionally the Witt equivalence

of K(v/-a) and L(v-b).
Example (1.14). Let K and L be Witt equivalent fields of degree 6 and
S(K)=(6,r,0,4;(2,2),(2,1),(1,4), (1, 4)) =S(L),

where r is any even number, 0 < r < 6 (the existence of K and L follows
from Theorem (2.1) in [S2]). Let p;,...,ps and ¢, ..., g4 be the dyadic
primes of K and L matching the given local data. Choose a € K and b € L
satisfying the following conditions:

a and b are totally positive in K and L, resp.,

ackl,a¢ K2, i=2,3,4, —ack?, i=3,4,

bell,b¢ ng, j=1,3,4, -bell,6 -b¢ ng, j=3,4
(see Lemma (0.3)). Then according to Theorem (1.1), we have

S(KVa)) =(12,2r,0,5;(2,2),(2,2),(4,1), (2, 1), (2, 1)),
S(L(VD)) =(12,2r,0,5; (4, 1), (2,1),(2,1), (2, 2), (2, 2),

so that K(v/a) ~ L(vb). Nevertheless, we will show that a = b.

Indeed, p; and ¢; are the only dyadic primes of K and L, resp., with
the local data (n;, s;) = (2, 2), hence for every bijection T: Pr,K — Pr,L
satisfying K, ~ Lr, we must have Tp; = q; . However, p; splitsin K(v/a),
while ¢; does not in L(\/—b_). Similarly, we must have Tp, = ¢;, and ¢,
splits, while p, does not. Thus we have K ~ L, K(/a) ~ L(vb) and a= b.
By Theorem (1.13), also K(v/—a) =~ L(v/—b). This last assertion can also be
checked directly by observing that the dyadic primes p; and ps; of K split in
K(v/—a) producing four dyadic primes of K(/—a) of degree 1, while all the
dyadic primes of L(v/—b) have degrees > 2 (in fact, equal 2).

Proposition (1.15). Let K and L be Witt equivalent number fields each with
g dyadic primes. If g < 3, then for every a € K, b € L the following are
equivalent:

(1) a~b.

) axb.

(3) K(va) ~ L(Vb).

Proof. By Theorem (1.13), we have (1) & (2) = (3), and it remains to prove
that (3) = (2). So assume (3) holds. Then (1.6.1) and (1.6.2) follow from
Theorem (1.1). To establish (1.6.3) and (1.6.5) we will consider separately the
cases g=1, g=2,and g=3.If g=1, then a =~ b follows directly from
Theorem (0.1). So assume g =2 and (n;, s;), (n2, s;) are the local data at
the dyadic primes p;, p, and ¢q;, ¢, of K and L, respectively.

Case 1. p, and p, split in K(/a). Then we have 4 = g(K(va)) =
g(L(VD)), the latter by (3), and so ¢, and g, also split in L(vd). Clearly,
D1 < q1, D» < ¢, establishes a~ b.

Case 2. p; and p, are nonsplit in K(y/a). Then 2 = g(K(va)) =
g(L(VD)). Hence ¢, and g, are nonsplitin L(vb). Let (2n;, S1), (2n2, S7)
and (2n;, S}), (2n;, S3) be the local data at the dyadic primes of K(v/a) and
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L(V/b), respectively. If S| = S}, then S, =S5 by (3) and the Hasse Principle,
and a ~ b follows. Similarly, if S, =S5, then a ~ b follows. Assume now
that S| # ST and S, # S5 . Then we must have

(2"1 ) Sl) = (2”2 ) Ss) and (2"2 ) SZ) = (2”[ ) l*) )

so that n; = ny, Sy =83, and S$; = S}. If 51 = 55, then the matching
D1 & q2, D2 < ¢, establishes a =~ b. On the other hand, s; #5, and n, = n,
would imply that n; is even (for otherwise s; =5, =4) andso sy =1, s, =2,
up to the order of p;, p,. Since S; <51, S} <51, it follows S} =87 =1,a
contradiction.

Case 3. p; split and p, nonsplitin K(/a). If g, splits in L(v/b), then ¢,
does not, and a ~ b follows. If g, does not split in L(v/), the local data at
the dyadic primes of K(v/a) and L(Vb) looks as follows: (n;,s1), (n1, 51),
(2n2, S3) and (2my, Sy), (n2, $2), (N2, s2). By (3) and the Hasse Principle,
we must have (n;, s1) = (n2, s2) and (2n,, S;) = (2n2, S2). Hence p; « q2,
D2 < q; establishes axb.

Finally, we consider the case g = 3. Let (n;, s;) be the local data at the
dyadic primes p; and ¢; of K and L, respectively, i =1, 2, 3. If for some
i, 1<i<3,theprimes p; and ¢; simultaneously splitin K(y/a) and L(Vb),
we set Tp; = ¢q; and match the remaining primes as in the case g = 2. Thus
we are left with only two cases.

Case 1. All the p;’s are nonsplit in K( /a). By (3), all the g,’s are nonsplit
in L(vD). Let (2n;, S;) and (2n;, S?) be the local data at the dyadic primes
lying above p; and g;, respectively, i =1, 2, 3. Here S; and S} assume the
values 1 or 2, and since the sequences S;, S, S3 and S}, S, S3 differ
only in the order of the entries, we must have S; = S} for some i. Then we
set Tp; = q; and match the remaining primes as in the case g =2.

Case 2. p, and ¢, split, and p>, p3, g1, g3 do not split in K(v/a) and
L(VD), respectively. Here the local data at the dyadic primes of K(/a) and
L(Vb) look as follows:

(nl 5 sl)a (nl s Sl), (2"2, S2)3 (2”3, S3) )
(2ny, 87), (n2, 82), (n2, ), (2n3,S3).
Since these two sequences differ only in the order of the entries, we must have

(ny, 1) = (n2, 52). Thus we can put Tp; = ¢, , and the proof is completed as
in the case g =2.

Corollary (1.16). Let K ~ L and g(K) = g(L) < 3. Then for any a € K,
bel,

(L16.1) K(va)~ L(VB) iff K(v=a)~ L(v-b).
In particular, for any nonzero rational numbers a, b,
(1.16.2) Q(va) ~Q(Vb) iff Q(v=a)~Q(V-b).

Proof. Combine Theorem (1.13) and Proposmon (1.15).

Remark (1.17). Since g < n, the conclusions of (1.15) and (1.16) hold when
K ~ L and the degrees of K and L are < 3. One can also show that when the
degrees of K and L are 4 or 5, then the results hold. Thus Example (1.14)
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with g =4 and n = 6, is a minimal counterexmaple to the equivalence of (1)
and (3) in Proposition (1.15). Let us also mention that an independent proof
for (1.16.2) can be obtained from the classification of quadratic number fields
with respect to Witt equivalence, as presented in [S2, p. 1143].

Finally, we prove the conclusions of (1.15) and (1.16) in the case where K
and L are normal extensions of the rationals. In fact, Proposition (1.18) is
more general. We need some more notation. We choose and fix a numbering
of dyadic primes p,, ..., p, of K, and then, forany a € K , we introduce the
set of indices

(1.17.1) Ix(a)=1I(a):={ie{l,...,g}:acK}}.

We have already used k(a) = |I(a)|, and we will need the following three
cardinalities:

A(a) := |I(a)nI(-a)|,
(1.17.2) B(a) := |I(a)\I(-a)|,

C(a) := [I(-a)\I(a)|.

Proposition (1.18). Let K and L be Witt equivalent number fields, a € K\+K?,
b e L\ £ L%. If the local degrees of the dyadic primes of K are all equal, i.e,
ny =--- = ng, then the following are equivalent:

(1) a~b.

(2) K(va)~ L(Vb).

(3) K(v=a) ~ L(V=b).

(4) r(a) =r(b), A(a) = A(b), B(a) = B(b), C(a)=C(b).

Proof. 1t follows from Theorem (1.1) that any quadratic extension of K can
have only dyadic primes with local data of one of the following types:

(m,1), (m,2), 2ny, 1), (2ny,2) if nyiseven,
(ny,4), (2n;,1), (2ny,2) if ny is odd.

Moreover, the numbers of dyadic primes of these types in K(\/a) are

2A4(a), 2B(a), C(a), g- A(a)- B(a)- C(a) if n; iseven,
2B(a), C(a), g-B(a)-C(a) if n; is odd,

respectively. This proves (2) < (4). But since
A(-a) = A(a), B(-a)=C(a), C(-a)=B(a),

the same argument shows that (3) < (4). Hence (2) & (3), and so, (1) &
(2), by Theorem (1.13).

Remark (1.19). The cardinalities 4, B, C are not, in general, invariants of
Witt equivalence. For instance, if K and L are the fields in Example (1.14),
we have K ~ L, K(v/a) ~ L(vb) and A(a) =0, B(a) =1, C(a) = 2, but
A(b) =1, B(b) =0, C(b) = 1. Observe, however, that 4+ B and 4+ C
are invariant under Witt equivalence. For A(a) + B(a) = |I(a)| = k(a) and
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A(a) + C(a) is the increment in the number of local levels equal to 1 when we
pass from K to K(v/a).

2. THE NUMBER w(K, 2)

This section establishes exact bounds for the number w(K, 2):=| Witt(K, 2)|
of Witt equivalence classes of all quadratic extensions of a given number field
K . Moreover, we compute w(K, 2) in several cases, including normal exten-
sions K of Q, and use these results to compute w(K, 2) for any quadratic and
any cubic field K . We also give a complete classification of quartic 2-extensions
of Q with respect to Witt equivalence.

. We ;etain the notation of §1, in particular, we will use (1.17.1). For a, b €
K\ £ K? we will write

(2.0.1) a~b ifr(a)=r), I(a)=1b), I(—a)=I1(-b).
This is a special case of Definition (1.6), where K = L and (1.6.4) is required
via the identity map T . Hence, by Proposition (1.7),

(2.0.2) a~b=a~b=K(a)~KVb).
We also continue to assume that K has the Witt equivalence invariant

S(K)=(naras’ g;(n1,31),--- a(ng’sg))-

We will seek an upper bound for w(K, 2) in the class of number fields K
with fixed values of r, g and k := |I(-1)| = |{i: s; = 1}|. For brevity, we
denote this class of fields C(r, g, k). We alsodenote [ := g—k = |{i: s; # 1}|.

Theorem (2.1). For any number field K in C(r, g, k), we have

w(K,2) < (r+1)2k3 41,
and .

w(K,2) <28, if -1eKk?.

The bound is attained if and only if the following classification criterion holds:
For a,be K\ +K?,
(2.1.1) K(a)~KWVb)ea~b.
Proof. Let m be an integer and I, J be subsets of {1,..., g}. We call
(m, I, J) an admissible triple, if 0 < m <r and
(2.1.2) InJcCI(-1), INI(-1)=JnI(-1).
The set of all admissible triples will be denoted Adm(r, g, k). It follows from
Lemma (0.3) that for any (m, I, J) in Adm(r, g, k) and for any field X in
C(r, g, k) there exists a € K\ £ K? such that
(2.1.3) m=r(a), I=I(a), J=I(-a).
Moreover, if b € K\ + K? is another element satisfying

m=rb), I=I10b), J=I-b),
then a ~ b, hence K(v/a) ~ K(Vb), by (2.0.2). Thus for every field K in
C(r, g, k) there is a well-defined surjective map
u: Adm(r, g, k) - Witt(K , 2\{S(K(V=1)},
u(m, 1,J)=S(K(Va)),

(2.1.4)
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where a € K\+K? satisfies (2.1.3). The bounds for w(K, 2) will be established
when we prove that

(2.1.5) |Adm(r, g, k)| = (r + 1)23F.

If I, J is a pair of subsets of {1,..., g} satisfying (2.1.2), then there are
subsets 4, B, C of {1,..., g} such that

I=AUB, J=AUC, ACI(-1),

2.1.
(2.1.6) BnC=2, Bnl-l)=CnI(-1)=2.

Here A can be any subset of the k-clement set I(—1), hence there are 2k
possible choices for 4. Each of these can be combined with a certain number
of pairs B, C, and we will show now that there are exactly 3’ choices for B,
C. For I(-1) ={l,...,k}, B and C are contained in the /-element set
{k+1,...,g} and BNC = @. If B is any of the (}) subsets containing
h elements, then C can be chosen as any subset from the remaining / — A
elements left in {k+ 1, ..., g}. Thus there are

ZI: (}11)2’-" =(1+2)=3

h=0

pairs B, C satisfying (2.1.6). Combined with 2% sets 4 and r+ 1 possible
values of m, this proves (2.1.5).

The attainability statement in Theorem (2.1) follows from the fact that the
bounds are attained if and only if the map u in (2.1.4) is injective, and this,
in turn, is equivalent to (2.1.1). This proves the theorem.

We can now compute w(K, 2) for any field K satisfying (2.1.1). To come
up with examples of such fields we prove first the following lemma.

Lemma (2.2). Let K be a number field with pairwise distinct local dyadic de-
grees: ni# nj for i # j. Then for every a,beK,

K(va)~ K(Vb) = I(a) = I(b).

Proof. This is clear if a € £K2 or b € £K?, so assume that a, b ¢ +K2.
Suppose i € I(a). Thenp; splits in K(1/a), and so we have the pair of local
data (n;, s;), (n;,s;) bothin S(K(va)) and S(K(vD)). Suppose i ¢ I(b).
Then (n;, s;) does not come from a split prime in K (VD) , since n; # n ; for
i # j. Hence there are two distinct primes p; and p;, which do not split in
K (VD) and produce the local data (2n;,, S},) = (ni, 1), (2nj,, Sj,) = (i, ;).
It follows n; = nj,, contrary to the assumptions. Hence i € I(b). Thus
I(a) C I(b), and by symmetry, I(a) = I(b).

Proposition (2.3). Let K be a number field with pairwise distinct local dyadic
degrees and at most three dyadic primes. Then (2.1.1) holds, and

(4126341, i -1 ¢ K2,
w(K’z)‘{zx, if —1ek?.

Proof. If K(\/a) ~ K(Vb), then r(a) = r(b) by Theorem (1.1), and I(a) =
I(b), by Lemma (2.2). Since g < 3, we get K(v/—a) ~ K(v/-b), by Corollary
(1.16). Hence I(—a) = I(—b), by Lemma (2.2). This proves a ~ b (cf. (2.0.1)),
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and the converse follows from (2.0.2). Thus (2.1.1) holds and Theorem (2.1)
yields the result.

Remark (2.4). Another possibility to obtain an upper bound for w(X, 2),
where K is an arbitrary number field, comes from the fact that if ¢ € Ky,
the group of nonzero elements of K, which are squares at every infinite and
every dyadic prime, then K(\/a) ~ K(/ac) for every a € K\K?. This is so,
since a ~ ac, and even a ~ ac. Thus we get
(2.4.1) w(K,2)<[K:Kq]+1.
The index [K : Kyq] can be computed from the following exact sequence

1> Kyq—K— HKp/sz X HKq/Kg -1
where p and ¢ range over dyadic and infinite real primes of K, resp. It follows

that [K : Kq] = 2"+28+" . As our results show, the upper bound (2.4.1) is never
attained.

We now come to a general lower bound for w(K, 2).
Theorem (2.5). For any number field K in C(r, g, k), we have

wkK,2)>r+Dk+DI+1)+1, if —1¢K?,

wkK,2)>g+1, if —1eKk?.
The bounds are attained for fields K with k = g and pairwise equal local dyadic
degrees ny = --- = ng, for example, when K is a normal extension of Q and
s1="'=Sg=l.

Proof. Consider the map
P Lyt X Ly X Ly = Wit(K, 2)\{S(K(V-1))},
Us(m, u, v)= S(K(\/E))’
where a € K\ + K? is chosen to satisfy
ria)=m, Ia)={1,...,u,k+1,...,k+v}, I(-a)={1,...,u}.

Here Z,,, stands for {0, 1,...,r}, and the existence of a follows from
Lemma (0.3). We show that the map ,u* is injective. So suppose
ﬂ*(m > U, 'U) S(K(‘/_) \/—)) - .u*(ml > Uy, Ul)

Then m =r(a) = r(b) = m,, by Theorem (1.1),
k + u = the number of local levels in S(K(v/a)) equal to 1
= the number of local levels in S(K (\/_ )) equal to 1
=k + U,
u+v =|I(a)l = k(a) = k(b) = |I(b)| = us + vy,
by Theorem (1.1). Hence u = u; andv = v,. This proves the injectivity of

U, , and so the inequalities in Theorem (2.5) follow. o
If ny=---=ng and 5y =--- =5, = 1, then / =0, and for any a € K\+K?,

S(K(\/_)—/t* (r(a), k(a), 0).

Therefore 4. is bijective and the bounds are attained.

The following theorem computes w(K, 2) in an important special case in-
cluding all normal extensions K of the rationals.
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Theorem (2.6). Let K be a number field in C(r, g, k) with all the dyadic primes
of the same degree, i.e., ny =---=ngy. Then

wK,2)=r+Dk+DI+D)I+2)+1, if —1¢K?,
wkK,2)=g+1, if -1ek>.
Proof. Consider the map

- Witt(K', 2)\{S( K(\/_) )} = Zrsy X Lieyy X Lyiy X Ly,
1 (S(K(Va)) = (r(a), A(a), B(a), C(a)),

where A, B, C are defined as in (1.17.2). By Proposition (1.18), the map
u* is well defined and injective. It remains to determine the image of u*. We
have 0 <r(a)<r, 0< A(a) <k, 0<B(a)<l, 0<C(a)<!-B(a). By
Lemma (0.3), for any integers m, A, B, C satisfying

(2.6.1) 0O<m<r, 0<A<k, 0<B<Il, 0<C<I-B

there exists an a € K\+K? such that u*(S(K(v/a))) = (m, 4, B, C). Therefore
the image of u* consists of all quadruplets (m, A, B, C) satisfying (2.6.1),
and so we have

Imp*| = (r+ 1)(k+1)- 30+ 1) +2).

If -1 ¢ K?,then w(K,2) = |Imu*|+ 1, and we get the desired result. If
—-1€K?,thenr=0, k=g, /=0, and

wK,2)=|Imu*|=g+1.

Corollary (2.7). Let K € C(r, 1, k) be a number field with a unique dyadic
prime. Then

2 if —1ek?,
wK,2)={ 2r+3 if —1¢K?, k=1, [=0,
Ir+d if —1¢K2, k=0, [=1.

As an example, w(Q, 2) = 3r+4 = 7. We will go, however, a little deeper,
and determine completely the set Witt(Q, 2) using the methods of Proposition
(1.18) and Theorem (2.6).

For K=Q,wehave r=1, k=0, [ =1, and by the bijectivity of u*, the
Witt equivalence classes of quadratic extensions of Q distinct from S(Q(v/—1))
can be matched with the triples, m, B, C satisfying 0<m <1, 0<B<1,
0<C<1-B. When m = 1, this gives three possible pairs (B, C) =
(0,0),(0,1),(1,0), and then r(a)=m =1, B(a) = B, and C(a) = C for
a=2,17,17, respectively. Thus the fields Q(v/a), a=2, 7, 17, represent all
possible Witt equivalence classes of real quadratic number fields. By (1.16.2),
the values a = -2, -7, —17, and —1 produce all Witt equivalence classes of
nonreal quadratic number fields. In view of this, we get the following description
of Witt(Q, 2).

Corollary (2.8). Witt(Q, 2) = {S(Q(va)):a= -1, £2, +7, £17}.

Earlier proofs of this result required the classification of quadratic number
fields with respect to reciprocity equivalence, found in [Cz1], and independently
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in [C]. Invoking then the fact that reciprocity equivalence of number fields
coincides with Witt equivalence (proved in [S1] and in [P-S-C-L]), gives the
result.

As an application of Proposition (2.3) and Theorem (2.6) we compute now
the number w(K, 2) for any quadratic, and any cubic number field K. We
use the numbering of classes introduced in [S2]. For quadratic fields the rep-
resentatives of the classes are as in Corollary (2.8) and the numbers w(K, 2)
have been computed according to Theorem (2.6). For a classification of cubic
fields, including a list of representatives of Witt equivalence classes, see [S2].
In Corollary (2.10) the numbers w(K, 2) in the cases I, IV, V, VIII have been
computed according to Theorem (2.6), and in the remaining cases according to
Proposition (2.3).

Corollary (2.9). For a quadratic number field K the number w(K , 2) is deter-
mined as follows:

S(K) K ~Q(va) r s g n s kI wk,2)
I QWI7) 2 0 2 1,1 4,4 0 2 19
I Q(V2) 201 2 2 01 10
II1 Qv7) 201 2 1 10 7
v Qv=7) 0 4 2 1,1 4,4 0 2 7
\' QW=-2 02 1 2 2 01 4
VI QW=I7) 0 2 1 2 1 10 3
viI Qv=1) 011 2 1 10 2

Corollary (2.10). For a cubic number field K the number w(K , 2) is determined
as follows:

S(Ky r s g n; S k | w,?2)
I 1 01 3 4 01 7
II 1 0 2 1,2 4,1 1 1 13
III 1 0 2 1,2 4,2 0 2 19
v 1 0 3 1,1,1 4,4,4 0 3 21
\% 301 3 4 0 1 13
VI 302 1,2 4,1 1 1 25
vi 3 0 2 1,2 4,2 0 2 37
vim 3 0 3 1,1,1 4,4,4 0 3 41

We end this section with some results on quartic fields. As shown in [S2],
w(4) := | Witt(Q, 4)| = 29, and the question arises, how many of the 29 quar-
tic Witt equivalence classes can be represented by quartic 2-extensions, i.e.,
quadratic extensions of quadratic number fields. The only obstacle seems to be
the situation where the quartic field E has two dyadic primes p; and p, of de-
grees n; = 1, ny = 3, since then it is clear that E,, is not a 2-extension of Q,
(see also Theorem (3.2)). There are exactly three such classes (with r =0, 2, 4)
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of quartic fields, and one can expect that all the remaining 26 quartic classes
can be represented by suitably chosen 2-extensions of Q. This has recently
been verified by Jakubec and Marko [JM]. We are in a position to give a new
and well-motivated proof for this result.

Our aim here is to classify quartic 2-extensions of Q with respect to Witt
equivalence. First observe that given a quartic 2-extension E/Q with an in-
termediate quadratic number field K, we use Theorem (1.1) to compute the
Witt equivalence invariant S(K), and then once again use the same result to
compute S(E). This solves, in principle, the first part of the classification prob-
lem. The second part of the problem is to find a complete list of representatives
of Witt equivalence classes of quartic 2-extensions of Q. We will show that
the representatives can be chosen from among the quadratic extensions of two
quadratic fields only, namely Q(v17) and Q(v'2) (see Corollary (3.13) for an
explanation of the role played by these two fields in our problem). This will
follow from the following result:

(2.10.1) | Witt(Q(v17), 2) U Witt(Q(V2), 2)| = 26.

We begin with quadratic extensions of K = Q(v17). By Corollary (2.9), we
have w(K, 2) = 19 and by Proposition (1.18), the invariants r, 4, B, C
classify quadratic extensions of K with respect to Witt equivalence. According
to (2.6.1), 0<r<2,A4=0,0<B<2,0<C<2-B. Ineach of these
18 cases we find appropriate a € K\ + K? satisfying r(a) = r, B(a) = B,
C(a) = C. Table 1 gives the representatives E = K(v/a) = Q(V17, ya) of
the 19 Witt equivalence classes in Witt(K, 2) for K = Q(v/17), and also the
values of the invariants r(a), B(a), C(a) and S(E) = (4,r,s, g; (n;, s,
1<i<4).

Finding a € K for the 19 cases in the table is quite straightforward. Since
V17 =1 (mod 8) in Q,, we find easily the residues of the numbers x + yv17
(mod 8) in Q;, and compute B(a) and C(a). For example, when a = 10 +
V17, we have a = 3 (mod 8), @ = 1 (mod 8), bar denoting the conjugation
in K. Thus B(a) =1 and C(a) =0. Another observation is that

(2.10.2) B(-a)=C(a) and C(-a)= B(a),

which makes cases 1-6 and 13-18 symmetric to a certain extent. Also the cases
8, 9 and 10, 12 are symmetric, the cases 7 and 11 being self-symmetric. The
symmetry reflects the fact that

K(Va)~K(Vb) iff K(v=a)~K(v/-b)

when g <3 (cf. Corollary (1.6) and Proposition (1.18)).

Now, with even less effort, we compile the table (see Table 2) of the 10
representatives of Witt equivalence classes of quadratic extensions of the field
L= Q(\/i) . Here the invariants r, 4, B, C assume the values 0 <r <2,
A=0,0<B<1,0<C<1-B. Mostof the choices for a € L = Q(v2) are
obvious. We have L, = Qy(v2), and so in case 4, +(1 + v2) ¢ L2, because

Npjo,(1+v2)=-1¢ Qi. In case 6, we show that X* — X2 + 8 has a zero
x =3 (mod 4) in Q, (by Hensel’s lemma), and from this it follows that

1+4v2=(x+2V2/x)? € L2.




294 KAZIMIERZ SZYMICZEK

TABLE 1

r(a) B(a) C(a) r s g n; Si a E =K(Va)
.2 0 0 402 2,2 2,2 2 Q17, v2)
222 0 1 402 2,2 2,1 6+V17 Q(va)
3.2 0 2 402 2,2 1,1 7 QW17,V7)
4. 2 1 0 403 1,1,2 4,42 10+V17 QWa)
5.2 1 1 403 1,1,2 4,41 8+V17 QWa)
6. 2 2 0 4041,1,1,14,4,4,4 33 QWI17,V33)
7.1 0 0 202 2,2 2,2 4+V17 QWa),Q(W=a)
8. 1 0 1 202 2,2 2,1  -2-V17 Qa)
9.1 0 2 202 2,2 1,1  -5-4/17 Q(Va)
10. 1 1 0 203 1,1,2 4,4,2 2+V17 Q{a)
1. 1 1 1 203 1,1,2 4,4,1 4+5/17 QW\a), Qv=a)
1221 2 0 2041,1,1,14,4,4,4 5+4/17 QWa)
1.0 0 0 022 2,2 2,2 -2 QW17,v=2)
14 0 0 1 022 2,2 2,1 -10-V17 Q(Va)
15. 0 0 2 022 2,2 1,1 -33  Q(17,v-33)
16 0 1 0 043 1,1,2 4,4,2 -6-vV17 QWa)
17.0 1 1 043 1,1,2 4,41 -8-V17 Q\a)

18. 0 2 0 0441,1,1,14,4,4,4 -7 QW17,V-7)
190 0 2 012 2,2 1,1 -1 QW17,v-1)
TABLE 2
r(a) B(a) C(a) r s g n; Si a E = L(\/a)

. 2 0 0 401 4 2 3 Q(V2, V3)
2.2 0 1 401 4 1 7 Qv2,V7)

3. 2 1 0 40 2 2,2 2,2 17 Q(V2, V17)
4. 1 0 0 201 4 2 1+v2 QWa),QWV-a)

5. 1 0 1 201 4 1 -1-4/2 Q\a)
6. 1 1 0 20 2 2,2 2,2 1+4/2 QWa)
7.0 0 0 021 4 2 -3 QW2, V=3)
8. 0 0 1 021 4 1 -17  Q(W2,V-17)
9. 0 1 0 02 2 2,2 2,2 -7 QWV2,v=7)
10. 0 0 1 011 4 1 -1 Q(V2, v-1)

We also use the symmetry of the cases 1-3 and 7-9, and of 5 and 6, based on
the observation (2.10.2).

Comparing now the Witt’s equivalence invariants of the fields K(v/a) and
L(y/a) in the two tables, we find that the tables overlap only in the three cases
where g = 2 in Table 2 (cases 1, 7 and 13 in Table 1). This proves (2.10.1)
and gives an explicit list of representatives of all the 26 Witt equivalence classes
of quartic 2-extensions of the rationals.
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3. BASIC AND SINGULAR CLASSES

Let S be a Witt equivalence class of algebraic number fields. In §§1 and 2 we
have studied the classes T in Witt (S, 2), that is, classes coming from quadratic
extensions of (fields in) the class S. Here we consider the dual problem: given a
class T, we ask when, and in how many ways, T can be reached from classes S
of lower degree by quadratic extensions. We begin with two existence theorems.
Below we use the following notations:

S=(n,r,s,g;(n,~,s,~), i=l,...,g),
T=(N,R,S,G;(N;,S)), j=1,...,G).

Theorem (3.1). Let S and T be Witt equivalence classes of algebraic number
fields. In order that T € Witt(S, 2) it is necessary and sufficient that
(1) N=2n.
(2) 0OSR<2r,andif r=0, then 0<S<s.
(3) g <G <2g, and there exists an integer k, 0 < k < g, such that after
renumbering the local data in S and T, if necessary, we have Ny = N, =
My eeos Ny = Ny =g, Nogp1 =2np4y, ..., N =2ng, S1 =85 =
S15 e s Soko1 =Sk =Sk, Sokqj SSpyj for j=1,...,8-k.
(4) If S=1and s# 1, thenk = |{i: s; = 1}].

Proof. The necessity of these conditions follows from Theorem (1.1). Now we
prove the sufficiency. Suppose the conditions (1) through (4) are satisfied and
_let K be any field with S(K) =S. If S=1 and s # 1, thenS(K(vV-1)) =T,
by Example (1.3). Therefore we can assume that either S # 1 or s = 1. By
Lemma (0.3), there is an a € K\ + K? such that simultaneously

Ix(a)={1,2,...,k}, r(a) = iR,
Ig(-a)={i:1<i<k,s =1}
Ulk+j:1<j<g—k,Susj=1and s ; #1}.

(Here we use the notation (1.17.1).)
Then S(K(v/a)) =T, by Theorem (1.1), and so T € Witt(K, 2).

Theorem (3.2). Let T be a given Witt equivalence class of number fields. In
order that there exists a Witt equivalence class S such that T € Witt(S, 2) it is
necessary and sufficient that

(1) N is even.

(2) Every odd local degree N; occurs an even number of times.

Proof. The necessity of (1) and (2) follows immediately from Theorem (1.1) (or
from Theorem (3.1)). To prove sufficiency, we will construct a Witt equivalence
class S such that S and T satisfy the conditions (1) through (4) in Theorem
(3.1). So assume (1) and (2) in (3.2) hold. We choose n := %N, r.= %N and
s=0.

If 2k > 0 is the number of odd local degrees N;, we may assume that they
are Ni,..., Ny, andthat Ny =N,, ..., Noy_; = Ny, . Then we put n; := Ny;
for i = 1,...,k, and g := G — k. The remaining local degrees Ny.,;,
j=1,..., g—k,arealleven, and weput ng,; := 1Ny, ; for j=1,..., g—k.




296 KAZIMIERZ SZYMICZEK

Wealsoset s; =4 for i=1,...,k,and s,; =2 for j=1,...,g-k.If
S = 1, a part of this construction is void. All §; =1 and all N; are even,
hence k=0, g=G and all 5; =2.

It follows that the set S= (n,r,s, g;(n;,s),i=1,...,g) satisfies the
conditions (1)-(4) in Theorem (3.1). Moreover, S is realizable as the Witt
equivalence invariant of a certain number field, according to Theorem (2.1) in
[S2]. Hence Theorem (3.1) applies and gives T € Witt(S, 2), as required.

Remark (3.3). The above proof shows that if a class T is reachable from a
lower class by quadratic extensions, then it can be reached from the class of a
totally real number field (i.e., from a class with r = n).

Corollary (3.4). Let K be a number field with —1 € K*. Then there exists a
totally real number field L such that g(K) = g(L) and K ~ L(v-1).

Proof. Put T :=S(K). We have K D Q(v/—1), hence the degree N =[K : Q]
is even. Also —1 € Kg for every dyadic prime p of K, hence all local degrees
N; are even. By Theorem (3.2) and Remark (3.3), there exists a totally real
number field L such that K ~ L(y/a) for some a € L\L?. Moreover, S =
s(K) = 1. Hence the construction in the proof of Theorem (3.2) gives g(K) =
g =G =g(L). Since L is a real field and the level s(L(va)) = s(K) =1, it
follows that a € —L?. Thus K ~ L(v/—1), as desired.

Remark (3.5). If —1 € K2, then, in general, there does not exist a subfield
L C K such that K = L(v/-1).

We know from Theorem (2.5) that quadratic extensions of any fixed number
field form always at least two distinct Witt equivalence classes. In contrast to
this, if a class T comes from quadratic extensions of fields of a certain class
S, it may happen that S is unique. This deserves a closer look.

Definition (3.6). A class T of Witt equivalent number fields is said to be singular
if there exists a unique class S such that T € Witt(S, 2). The class S is then
said to support T. A class S supporting a singular class is said to be basic.

An obvious example of singular classes comes from quadratic extensions of
Q. Clearly, S = S(Q) is basic, and each of the seven classes in Witt(Q, 2) is
singular and supported by S.

Theorem (3.7). Aclass T=(N,R,S,G;(N;,S;), j=1,..., G) is singular
if and only if the following conditions are satisfied:

(1) N is even and every odd N; occurs an even number of times.

(2) R=N or N-2.

(3) The even local degrees are pairwise distinct.

(4) If N; is divisible by 4, then S; =2.

Proof. If N = 2, then every class T is singular, and every class of degree 2
satisfies (1)-(4). Thus we may assume that N > 4. Assume first that T is a
singular class and S is the unique supporting class of T. Then n = %N and
r = n, the latter by Remark (3.3), and by the singularity of T. Condition (1)
is satisfied in view of Theorem (3.2).

To prove (2), suppose R =2(n —t), where ¢ > 2. Consider the sequence

U=(n,n-2,5",8;(ni,s), i=1,...,8),
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where s* = s, unless # = 2, in which case we choose s* =2 or 4 (depending
on g =1 or 2). Here U is indeed the invariant of a field of degree n, by
Theorem (2.1) in [S2]. In such a case, we will say that U is realizable (as
the Witt equivalence invariant of a number field). By Theorem (3.1), we have
T € Witt(U, 2), and since U # S, this contradicts the singularity of T. Hence
t=0or l,and R=2(n—t)= N or N —2, as required.

Now we prove (3). Suppose N, and N, are even and equal. There are two
cases. First, if N; and N, are local degrees at conjugate primes P, and P,
lying over p;, say, then n; = Ny = N, = 2m,, for a positive integer m,, and
so g < n. Then we form a realizable sequence

U=(nanaoag'l'l;ml,mlsn2>H"ng;sl*asr’SZa"'9Sg),

where s; = 4 if m; is odd, and s} = 2 otherwise. Then, by Theorem (3.1),
T € Witt(U, 2) and U # S, a contradiction. The second case is when N;
and N, are local degrees at nonconjugate primes P, and P, lying over distinct
primes p; andp,, say. Then g > 2 and we construct the realizable sequence

U=(n,n,0,g—-1;2n,n3,...,ng;2,535,...,58).

Again, T € Witt(U, 2), by Theorem (3.1), and U # S, a contradiction. This
proves the necessity of (3). We notice that (3) implies that the even local degrees
in S are also pairwise distinct.

To prove (4), assume N; =4m; and S, = 1. By (3), no other local degree
Nj, j#1,isequalto N;. Hence N, = 2n;, where n, is the local degree at a
nonsplit prime p;. Thus n; = 2m, is even. Hence s; =1 or 2. Now we set
up realizable

U=((n,n,0,g;n1,...,0g580,8,...,5),

where sf =1 or 2 when s; = 2 or 1, respectively. Then T € Witt(U, 2),
by Theorem (3.1). Since U # S, this is a contradiction. Hence S; = 2, as
required.

Now we prove the sufficiency of conditions (1)-(4). From (1) and Theorem
(3.2) it follows that there exists a class S such that T € Witt(S, 2). We will
show that (1)-(4) imply the uniqueness of S. Solet S=(n,r,s, g; (n;, s:),
i=1,...,8). Clearly, n = 1N Then we have r < n and also R < 2r.
Hence N—2_2n—2<R<2r<2n andso n—1<r<n. Since r=n
(mod 2), we must have r = n. It follows that s = 0. Thus n, r, s are
uniquely determined by T. Assume that e is the number of even local degrees

in T, and rearrange the N;’s, if necessary, to get N;,..., N, even. Since
these are pairwise distinct by (3), we must have N, = 2n;,..., N, = 2n,,
after renumbering the n;’s, if necessary. This fixes the degrees n, ..., n,

in S. Now the remaining local degrees in T and S can be rearranged and
matched to satisfy Neyy = Ney2 = Mey1, ..., Ng-1 = Ng = ng. Thus the

local degrees n,, ..., ng are uniquely determined by T, and so is g. By our
choice of Ny, ..., N,, all the n.yy, ..., ng are odd. Hence the local levels
Se+1 = -+ = Sg = 4. Further, by (4), we have S; =2 when 4|N; for j <e.

Hence from N; = 2n; it follows that s; = 2 as well (n; is even, hence s; < 2,
but s; = 1 would imply S; = 1). If N; is even but not divisible by 4, then
n;j is odd, so s; = 4. This proves the uniqueness of S and singularity of T.
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Proposition (3.8). Aclass S=(n,r,s, g; (ni,s:), i=1,..., g) is basic (that
is, it supports a singular class of degree 2n) if and only if

(1) r=n and s=0.

(2) The even local degrees are pairwise distinct.

(3) The local levels are all # 1.

Proof. The necessity of (1) and (2) has been shown in the proof of the necessity
part of Theorem (3.7). As to (3), if »; is odd, then s; = 4, and if n; is
even, then by (3.7)(3) the corresponding N; is necessarily divisible by 4, hence
Sj =2 by (3.7)(4), and so s; > 2. Conversely, if S satisfies (1), (2) and (3),
and if n;, ..., n, areeven and n.4, ..., ng are odd, then

T:=(2n,2n,0,e+2(g—€);2n;,...,20,, Neyy, Hex1s ..., Ng, Ng;
2,...,2,4,4,...,4,4

is singular by Theorem (3.7), and T € Witt(S, 2) by Theorem (3.1). Thus S
supports a singular class.

Corollary (3.9). (1) S(Q(V2)) and S(Q(V17)) are the only basic classes of de-
gree 2. :

(2) The only basic classes of degree 3 are the three classes listed in Corollary
(2.10) as V, VII, and VIIL

Proof. Combine Proposition (3.8) and the local data given in Corollaries (2.9)
and (2.10).

Basic classes occur in every degree n, and singular classes occur in every
even degree 2n.

Example (3.10). Let F be a number field with
SFY=(n,n,0,n;1,...,1;4,...,4).

Then S(F) is basic by Proposition (3.8). If we choose a € F as in Example
(1.4), then

S(F(va)) = (2n,2n,0,2n;1,...,1;4, ..., 4)

is singular by Theorem (3.7). However, it is also basic by Proposition (3.8),
and gives rise to a singular class of degree 4n. This procedure can be used to
produce an infinite tower of quadratic extensions each of which is both basic
and singular.

Here is an explicit example. Let F; = Q(v17) and Fnyy = Fu(/Pns1) » Where
D is the nth prime number congruent to 1 (mod 8) (thus p; =17, p, =41,
etc.). Then by Kummer theory, [F,;; : F,] =2 for every n > 1 (cf. [E-L-W,
Theorem 2.1]), and each F, is both basic and singular (supported by F,_;,
where Fy = Q).

Using Theorem (3.7) we can manufacture a formula for the number Sing N
of singular Witt equivalence classes of a given degree N > 4 (recall that
Sing2=7).f T=(N,R,S,G;(Nj,Sj), j=1,..., G) is a singular class,
then R assumes two values N and N —2, each combined with any admissible
local degrees and local levels. Thus

(3.10.1) Sing N =2-py(N), where py(N) =) u-2°,
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the summation ranging over all partitions of N and a given partition N =
Ni + .-+ + Ng contributing u - 2¢, where e is the number of even parts N;
not divisible by 4 (here S; can be either 1 or 2), and x =0 if there are two
even equal parts, or an odd part occurs an odd number of times, while u =1
otherwise.

On the other hand, Proposition (3.8) allows us to compute the number Basicn
of basic classes of degree n (supporting some singular classes of degree 2n).
Basicn is the number of partitions of n with the property that each even part
occurs exactly once. Using this and (3.10.1) for N > 4, we have computed
the values of Basicn and Sing2n for n < 5. For comparison, we have also
computed the number w(n, 2) of classes of degree 2n obtainable by quadratic
extensions from classes of degree n. Here Theorem (3.2) has been used to de-
termine the admissible local degrees Ny, ..., Ng, and then w(n, 2) has been
found by applying the counting method from [S2]. In the following table the
last row shows the total number w(2n) of classes of degree 2n (over Q), taken
from [S2].

2n : 2 4 6 8 10
Basicn 1 2 3 4 6
Sing2n 7 8 18 32 48

7
7

wn,2) 7 26 79 210 505
w(2n) 29 95 270 715

For a set A C Witt(Q, n) of classes of degree n, we write
Witt(A, 2) := | J{Witt(S, 2): S € A}.

We will be interested in the case when A = Witt(Q, n), and then Witt(A, 2)
is the set of all classes of degree 2n obtainable from classes of degree n by
quadratic extensions. We use the following abbreviated notation

Witt(n, 2) := Witt(Witt(Q, n), 2).
From Theorem (3.2) it follows that for any n > 2,
Witt(n, 2) ¢ Witt(Q, 2n).

We will make a few comments on the structure of the set Witt(n, 2).
A subset B of Witt(Q, n) such that

(3.10.2) Witt(n, 2) = | J{Witt(T, 2): T € B}

is said to generate Witt(n, 2). A minimal generating set B is said to be a basis
for Witt(n, 2). Clearly, bases do exist. For instance,

Witt(2, 2) = Witt(S(Q(V17)), 2) U Witt(S(Q(v2)), 2),

according to the results in §2, and the classes of Q(v/17) and Q(v2) form a
basis for Witt(2, 2).

Lemma (3.11). (1) If B is a basis for Witt(n, 2), then B contains every basic
class S in Witt(Q, n).
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(2) If all the basic classes S in Witt(Q, n) form a basis for Witt(n, 2), then
it is the unique basis for Witt(n, 2).
Proof. (1) Singular classes do belong to Witt(n, 2) and can be reached only

from their supporting basic classes.
(2) This follows from (1).

Proposition (3.12). The basic classes in Witt(Q, n) form a basis for Witt(n, 2)
ifandonly if n <17.
Proof. First suppose n > 8. Then there is a class T in Witt(n, 2) with four
local degrees equal to 4, Ny = N, = N3 = Ny = 4, say. If T € Witt(S, 2),
then one of the sets (2, 2, 2, 2), (2,2, 4) or (4, 4) must be a subset of the
set of local degrees of S. Then, however, S is not basic, by Proposition (3.8).
Thus basic classes are insufficient to generate Witt(n, 2) for n > 8.

Now assume that n < 7. If T € Witt(n, 2), we will point out a basic
S € Witt(Q, n) such that T € Witt(S, 2). We have

2n=N;+---+ Ng,

where Nj, ..., N; are the local degrees of T. By Theorem (3.2), each odd
summand occurs an even number of times. To find a set of local degrees
ni, ..., ng for a basic S we construct the n,’s from the N;’s as follows. In
the sequence Nj, ..., N, we replace each even N; with %Nj, and from each
pair of odd and equal degrees we delete one of the two. If in the new sequence
ny, ..., ng the even n;’s are pairwise distinct, we are through by Proposition
(3.8). Otherwise, since n < 7, we must have two or three 4’s among the
Nj’s. Then, if Ny = N, = 4, say, we take n; = 4 and find the remaining
n;’s as before. Again by Proposition (3.8) we construct S which is basic and
T € Witt(S, 2).

Corollary (3.13). (1) Witt(2, 2) has precisely one basis. It consists of S(Q(V2))
and S(Q(V17)).

(2) Witt(3, 2) has precisely one basis. It consists of the three classes listed as
V, V11, and VIII in Corollary (2.10).

Proof. Combine Corollary (3.9), Proposition (3.12), and Lemma (3.11).

4. CONNECTIVITY OF THE Witt Graph(n, 2)

We wish to define a bipartite graph Witt Graph(n, 2) on the set of vertices
V(n) := Witt(Q, n) U Witt(n, 2).

The vertices S € Witt(Q, n) and T € Witt(n, 2) are connected with an edge
if and only if T € Witt(S, 2). According to Theorem (2.5), the valency of
any vertex in Witt(Q, n) is at least 2. The monovalent vertices all belong to
Witt(n, 2) and are called singular classes (cf. Definition (3.6)). A vertex in
Witt(Q, n) connected with a monovalent vertex is said to support the mono-
valent vertex and has been called basic. It is a natural question to ask whether
our bipartite graph is connected.

Proposition (4.1). The Witt Graph(n, 2) is connected if and only if n < 2.

Proof. Obviously, WittGraph(1, 2) is connected. In view of Corollary
(3.13)(1), the connectivity of Witt Graph(2, 2) follows from the fact that
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Witt(Q(v2), 2) N Witt(Q(v17), 2) # @ (see the computation at the end of
§2). The converse will follow from the general result in Theorem (4.2).

Let n be a natural number and let (n;,...,ng) and (my,..., m,) be
two partitions of n. We say that the two partitions are equivalent, written
(ny,...,ng) ~ (my,...,my), if one can be obtained from the other by a
sequence of transformations of the following type:

(1) replacing two equal parts a, a with 2a,

(2) replacing an even part 2b with b, b.

Clearly, the relation ~ is an equivalence relation on the set of partitions of 7.
For n =1 and n =2, every two partitions of »n are equivalent. But for n > 3
there are always at least two distinct equivalence classes. For (n) » (n—1, 1),
since when n > 2 is even, then (n—1, 1) is not transformable at all, and if »
is odd, then (n) is not transformable.

Theorem (4.2). Let S, S, € Witt(Q, n) be two classes with local degrees (n,,
..., ng) and (my, ..., my), respectively. Then the following are equivalent:

(1) (m,...,ng)~(my, ..., my).
(2) There is a path between the vertices S| and S, in the Witt Graph(n, 2).

Proof. (1) = (2) It is enough to show that if (m;, ..., m;) is obtained from
(ny,..., ng) by a single transformation (a, a) — (2a), or (2b) — (b, b),
then there is a path between S; and S, . So suppose (n;, n;, n3, ..., ng) and
(2ny, n3, ..., ng) are the sets of local degrees for S; and S,, respectively. By
Theorem (3.1), with properly chosen s, s* and s} <s*, the classes

T, :=(2n,0,s,g;2n;,2n,2n3,...,2n;1,1,1,...,1),
T,:=(2n,0,s*, g;2n1, 2n, 2n3,...,2ng;87,81,1,...,1)

satisfy T; € Witt(S,, 2) and T, € Witt(S;, 2) . We also consider the realizable
class
S:=(nan’09 g;Nn,Nn,N3,... ang;Sl’Sl’S3a°°°sSg)9

where S; = 2 or 4, depending on the parity of n;. Then, by Theorem (3.1),
we have T, T, € Witt(S, 2). Thus S;—T—S—T,—S; is a path between
S; and S,, as desired.

(2) = (1) It suffices to show that, if S;—T—S; is a path, then the sets of
local degrees in S; and S, are equivalent. So suppose that D := (ny, ..., ng)
and D, := (m,, ..., my,) are the sets of local degrees in S; and S,, respec-
tively. Since T belongs to Witt(S;, 2), i =1, 2, we know from Theorem (1.1)
that the set of local degrees in T is, up to the order of local degrees in D; and
D, , equal to

D= (ny,ny, ..., 0, N, 204y, ..., 20g),
D; = (mla my,..., mla mla 2m1+1 9 eeey 2mh)a
for some k and /. Here g+ k =h+/ and D} = D; as unordered partitions
of 2n.
We induct on g. If g =1, then D} = D; implies Dy ~ D,, as required.
Suppose now that g > 1. There are two cases. First, if the sets of split degrees
in D; and D, intersect nontrivially,

{n,...,mIn{ml, ..., m}+#a,




302 KAZIMIERZ SZYMICZEK

or, if the sets of nonsplit degrees have an element in common,

{nk+la sees ng}n{m1+l’ ey mh} 75@,
then we remove the common parts from the partitions D; and D, of n, and
by an easy induction argument, D, ~ D, , as required.
The second case is when both intersections are empty. Then, up to the order
of parts in D; and D,, we must have

o =2mp =2Myg, e, M =2Mpp g =2myg,  I+2k=h,
my =20y =20 0, oo s My = 2Ny = 2Mgyyy s k+2l=g.
Hence,
Dy = (2myyy, 2myys, oo, 2Mypapy, smy, my, L, dmy, Amy)
~ (Mg Mgy Mgy, Mgy, ooy Mp_y, Mp_y, My, ..., M)
= (Mpp1, Mgy, Mpgs, Migas oo, My_y, My, My, ..., M)
=D,.

This proves the theorem.

As we have already noticed, if n > 3, then (n) » (n—1,1). Thus the
theorem implies that the Witt Graph(n, 2) is disconnected when n > 3. This
completes the proof of Proposition (4.1).

Following a suggestion of Daniel B. Shapiro we draw the following corollary.

Corollary (4.3). The number of connected components of the Witt Graph(n, 2)
is equal to the number of partitions of n into odd parts.
Proof. According to Theorem (4.2), the number of connected components of
the Witt Graph(n, 2) is equal to the number of equivalence classes of the set
of all partitions of n with respect to the relation ~. Clearly, each equivalence
class contains a partition with all parts odd, and it remains to show that there is
just one such partition in every equivalence class. If (n;, ..., ng) is a partition
of n into odd parts n;, then any partition in the same equivalence class has
parts of the form 2°-n;, where i > 0 and 1 < j < g. It follows that two
equivalent partitions with all parts odd are identical.

Here is a table showing the number cc(n, 2) of connected components of
the Witt Graph(n, 2), for n < 10.

567 8 9 10
3456 810

n 1 2
1

4
cc(n,2) 1 2
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